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Introduction
The propose of this article is to study the automaticity of some completely multiplicative sequences, which will be denoted as CMS. In article [5] , the author proves that if a non vanishing CMS is automatic then it is almost periodic (defined in [5] ). In article [1] , the author gives a formal expression to all non vanishing automatic CMSs and also some examples in the vanishing case. In article [3] , the author studies the CMSs taking values on a general field who have finitely many prime numbers such that a p = 1, she proves that such CMSs have a complexity p a (n) = O(n k ) where k = # {p|p ∈ P, a p = 1, 0}. In this article we consider the CMSs (a n ) n∈N who satisfy the condition C 1 : p|p≤n,ap =1,p∈P 1 p < ∞. We prove that such sequences cannot satisfy the condition C 2 : # {p i |a pi = 1} = ∞. This fact deduce that if a CMS (a n ) n∈N , vanishing or not, can be written in the form a n = b n χ n with (b n ) n∈N a non ultimately periodic CMS satisfying the condition C 1 , and (χ n ) n∈N a Dirichlet character or a constant sequence, then there exists only one prime number p such that b p = 1 or 0.
Definitions and notations
Here we declare some definitions and notations used in this article. We say a word of a sequences to be a finitely many long string of the sequence, we denote by w l a word of length l. Let (a n ) n∈N be a CMS, we say a p is a prime factor of (a n ) n∈N if p is a prime number and a p = 1, and a p is a non trivial prime factor if a p = 0, 1. Let (a n ) n∈N and (b n ) n∈N be two CMSs we say (a n ) n∈N < (b n ) n∈N if all prime factors of (a n ) n∈N are prime factors of (b n ) n∈N . We say a sequence (a n ) n∈N is generated by a p1 , a p2 , ... if and only if a p1 , a p2 , ... are the whole prime factors of the sequence.
We note f (n) = O(g(n)): f is bounded above by g (up to constant factor); f (n) = Θ(g(n)): f is bounded both above and below (up to constant factors) by g. We recall the definitions of the automaticity of a sequence.
Definition Let (a n ) n∈N be a infinite sequence and k ≤ 2 an integer, we say this sequence is k-automatic if there is a finite set of sequences containing (a n ) n∈N and closed under the map a n → a kn+i , i = 0, 1, ...k − 1
Automaticity
Proposition 1 Let (a n ) n∈N be a CMS defined on the set G = {ζ r |r ∈ N} included in F where ζ is a k-th root of unity and it has finitely many prime factors a p1 , a p2 , ...a pu , then for every sub-
, there exists a word w u appearing periodically in the sequence (a n ) n∈N such that none of its letters appears in the set G 1 / {1}. What is more, the period does not have any other prime factors than p 1 , p 2 , ..., p u .
Proof
We prove it by recurrence, for u = 1, the above statement is trivial. It is easy to check that the sequence (a np . For an arbitrary sub-group G 1 of G defined as above, supposing the statement is true for some n 0 , that is to say, there exists a word w n0 who does not contain any letters in the set G 1 / {1} can be extracted periodically, and the first letter of such word lies repeatedly on the sequence (a mn 0 n+ln 0 ) n∈N where m n0 = n0 j=1 p cj j for some c j ∈ N + . Let us consider the case u = n 0 + 1, we firstly consider the the sequence (a
, a sequence having n 0 prime factors. Using the recurrence hypothesis we get a word w n0 appearing periodically and the first letter of this word lies on (a ′ mn 0 n+ln 0 ) n∈N defined as above. We can extract this sequence once more to the form (a m
n+ln 0 +n0 ) n∈N is a constant sequence, say all letters equal C.
Here we consider the sequence (a n ) n∈N , we want to find a sequence N (n) = np k n0+1 + r for some k and r ∈ N such that p n0+1 |m n ′ 0 N (n) + l n0 + n 0 for all n ∈ N and (a m n ′ 0 N (n)+ln 0 +n0 ) n∈N to be a constant sequence, what is more, the constant is not in G 1 / {1}. We discuss the cases as following:
If C ∈ G 1 / {1} while a pn 0 +1 ∈ G 1 , as while as the case C ∈ G 1 / {1} while a pn 0 +1 ∈ G 1 , we can find a sequence N (n) n ∈ N satisfying
for all n to guarantee the sequence (a m n ′ 0 n+ln 0 +n0 ) n∈N to satisfy the above hypothesis. Take for example N (n) = np
for all n. Take for example N (n) = np s2+1 n0+1 − l n0 − n 0 + kp s2 n0+1 for some k. The above argument shows that there exist m n0+1 ∈ N, l n0+1 ∈ N such that for all n ∈ N, the word a m n 0 +1 n+l n 0 +1 a vp n 0 +1 (m n 0 +1 n+l n 0 +1 )
...
is constant and none of its letters in G 1 / {1}, and (a mn 0 +1 n+ln 0 +1 +n0 ) n∈N is a constant sequence not in G 1 / {1}. We remark that the prime number p n0+1 satisfies p n0+1 > n 0 +1 and p n0+1 |m n0+1 n+l n0+1 +n 0 because of the construction. These properties imply that for all 0 ≤ j ≤ n 0 − 1, p n0+1 ∤ m n0+1 n + l n0+1 + j. So we conclude that for all n ∈ N and 0 ≤ j ≤ n 0 − 1, v pn 0 +1 (m n0+1 n + l n0+1 + j) = 0, that means the word a mn 0 +1 n+ln 0 +1 a mn 0 +1 n+ln 0 +1 +1 ...a mn 0 +1n+ln 0 +1+n0 is a constant word of length n 0 + 1 and none of its letters in G 1 / {1}, what is more m n0+1 does not have any other prime factors other than p 1 , p 2 ...p n0 .
Proposition 2 Let (a n ) n∈N be a CMS defined on a finite set G of F satisfying conditions C 1 and C 2 , and let (a ′ n ) n∈N be another CMS generated by the first r prime factors of (a n ) n∈N , say a p1 , a p2 , ..., a pr . If there is a word w r appears periodically in (a ′ n ) n∈N , and the periodic does not have any other prime factors than p 1 , p 2 , ..., p r , then this word appears at least once in (a n ) n∈N .
Proof Let us denote by p 1 , p 2 ... the sequence of prime numbers such that a pi = 1. Supposing the first letter of the word w r lies on the sequence (a ′ mr n+lr ) n∈N for some m r ∈ N, l r ∈ N, by hypothesis, m r does not has any other prime factors than p 1 , p 2 , ..., p r . So the total number of such word in the sequence (a n ) n∈N can be bounded by the inequality:
(1) Let us consider the sequence defined as
This equality holds because of Chinese reminder theorem, and the fact that p r+i ∤ m r and p r+j > r for all i ≥ 1.
So we have
However,
as
r pr+j )), because of C 1 , the above equation does not converge to 0, We conclude that there exists 0 < c < 1 such that
On the other hand, we remark that for all k > r + i, p
where q j is the j-th prime number in N. For any x ∈ N, # {p i |p i ≤ x} = Θ(log(x)) and pi≤x 1 pi = Θ(log log(x)), so N (i) 1 i tends to infinity when i tends to infinity, because of C 1 , we can conclude there exists some i 0 ∈ N such that for all i > i 0 ,
When i tends to infinity, the set # {a k |k ≤ n, a k , a k+1 , ..., a k+r−1 = w r } is not empty.
Proposition 3 Let (a n ) n∈N be a p-automatic CMS, vanishing or not. If it can be written in the form a n = b n χ n with (b n ) n∈N a non ultimately periodic CMS satisfying the condition C 1 , and (χ n ) n∈N a Dirichlet character or a constant sequence, then there exists only one prime number p such that b p = 1 or 0
Proof Let us consider the sequence (b n ) n∈N , who is also a p-automatic CMS, if this sequence satisfies the condition C 1 and C 2 , then we can complete this sequence to (b [1] (Lemma 3 and Theory 1), the author proves that in a automaton, every state which can be reached from a specific state, say s, with q! steps, can be reached with yq! steps for every y ≥ 1; and inversely, if a state can be reached with yq! steps for some y ≥ 1, then it can already be reached with q! steps. so we can conclude that for every y ≥ 1 and every 0 ≤ m ≤ p yq! − 1, a up yq! +m ∈ G 1 / {1}.
On the other hand, the article [4] proves that for every finite Abelian group (Theory 3.10) or a semi-group(Theory 7.3) G, g ∈ G and G-multiplicative f the sequence f −1 (g) = {n : f (n) = g} has a non zero natural density. If we denote by {l 1 , l 2 , ...l i } the set of letters appearing in (a n ) n∈N and k 1 , k 2 , ...k i their densities associated. Then we have for every 1 ≤ j ≤ i, lim y→∞ 1 p yq! # a s = l k |up yq! ≤ s < (u + 1)p yq! = k j .
The above fact shows that all l r ∈ G 1 / {1} have a 0 density, contradiction to theory 7.3 of article 2. So we deduce that the sequence (b n ) n∈N must have a finitely many prime numbers satisfying b p = 1. However, the corollary 2 of article [3] proves in this case, the sequence (b n ) n∈N can only have one prime p such that b p = 1 or 0. we conclude.
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